SOLUTIONS OF EXERCISE SHEET 6

Exercise 1. We set z = = + iy, split f as f(z) = u(x,y) + iv(z,y), and compute
20f(2) = Ou(x,y) + iv(z,y)
= Oyu(z,y) + i0yu(z,y) +id,v(x,y) — Oyu(x,y)
= [Oyu(,y) — Oyu(zx,y)| + i[0yu(x,y) + Oyv(z, y)].

Hence, the vanishing of 9 f(z) is equivalent to f satisfying the Cauchy-Riemann equa-
tions.

Exercise 2. To prove this, we compute

fz+h)g(z+h) = f(z)9(2)

lim
h—0 h
i [ 20D |y SR

By assumption f and g are both holomorphic. So, the above limit exists and
g(z+h) —9(2)

lim f(2) - = f(2)d'(2)
lim g(z + h)f(z * hf)b — /) _ 9(2)f'(2),

which proves the claim.

Exercise 3. We set z, = z, + iy, and identify f with a function f = (fy, fo) : R —
R2. Then, since f'(z,) # 0, the Cauchy-Riemann equations imply that the Jacobian
of f, denoted by D(f), is invertible. To see this, we note that

A (Oifi Oufa\  [(Oifi —Oofi
b= (82f1 32f2> - (agfl alfl.)

Hence, det D(f)(z«,ys) = O1f1(7s,y:)? + Oof1(z4,vy+)? and invoking the Cauchy-
Riemann equations once more shows that

det D(f)(z,,7y,) =0 <= f'(z.) =0.
Therefore, we can apply the inverse function theorem to conclude that there exist
neighborhoods U around (z,,v,) and V around f(z,,,) such that f has a differen-
tiable inverse f ~1. Next, we want to show that f ~1 can be identified with a holomor-
phic function. For this we recall that the inverse function theorem implies that the
Jacobian of ! satisfies
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for all £ € V. Furthermore, from linear algebra (e.g. Cramer’s rule) we know that

hfi —Ofi
—O0ifa  Oaf: ) '

Consequently, we see that f~! satisfies the Cauchy-Riemman equation and therefore
corresponds to a holomorphic function f~!, which is inverse to f. To prove the last
claim, we let f'(z.) = a + ib. Then, for z = z + iy € C, we have

1 . 1 . a b
m(m—i—zy) :m(x+zy): ( -

212 a2t
ax by ( —bzx ay
B a2+b2+a2+b2+l(a2+b2+a2+b2>‘

(Df)~" = det(D )" (

)(x+iy)

Furthermore, as

a

D) = (5 )

one readily computes that

i) (7) = s (5 ) (0) = ()

which is exactly the matrix multiplication corresponding to the product ﬁ@ +1y)

computed above, and the claim follows.
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